The fields produced by a long beam with a given transverse charge distribution in a homogeneous vacuum chamber are studied. Signals induced by the displaced finitesize beam on electrodes of a beam position monitor (BPM) are calculated and compared to those from a pencil beam. The non-linearities and corrections to BPM signals due to a finite transverse beam size are calculated for an arbitrary chamber cross section. Simple analytical expressions are given for a few particular transverse distributions of the beam current in a circular or rectangular chamber. Of particular interest is a general proof that in an arbitrary homogeneous chamber the beam-size corrections vanish for any axisymmetric beam current distribution.
INTRODUCTION
In many ion linacs and storage rings beams occupy a significant fraction of the vacuum chamber cross section. On the other hand, an analysis of beam-induced signals in beam position monitors (BPMs) is usually restricted to the case of an infinitely small beam cross section (pencil beam). Here we calculate, for a given transverse charge distribution of an off-axis beam and for a vacuum chamber with an arbitrary but constant cross section, the field produced by the beam on the chamber wall. Comparing it with the field of a pencil beam gives us corrections due to a finite transverse size of the beam.
Let a vacuum chamber have an arbitrary cross section S that does not change as a beam moves along the chamber axis z, and perfectly conducting walls. We consider the case of (wb/prc)2 << 1, where w is the frequency of interest, pc is the beam velocity, y = 1 / d m , and b is a typical transverse dimension of the vacuum chamber. It includes both the ultra relativistic limit, y >> 1, and the longwavelength limit when, for a fixed 7, the wavelength of interest X >> 2.rrbly. Under these assumptions the problem of calculating the beam fields at the chamber walls is reduced LO a 2-D electrostatic problem of finding the field of the transverse distribution X(7) of the beam charge, which occupies region s b of the beam cross section, on the boundary of region s, see [l] . Let the beam transverse charge distribution X(7) satisfy ss, &' A(?' ) = 1, which means the unit charg: per unit length of the_ beam. If we know the field e(?, b) produced at a point b on the wall by a pencil beam located at a point ?of S , the thick-beam field is *Work supported by the US DOE and ORNL.
where vector a' is defined as the center of tte charge distribution: a' = s d??X(F). We will denote X(T') X(a' + G), where the tilde in i means that the argument o,f the distribution function X is shifted so that the vector r' now originates from the beam center. Let us start with a particular case of a circular cylindrical vacuum chamber.
CIRCULAR CHAMBER
In a circular cylindrical pipe of radius b, a pencil beam with a transverse offset ? from the axis produces the following electric field on the wall (2) (2) Consider now a stripline BPM with subtended angle p per stripline and stripline electrodes flush with the circular chamber of radius b. Integrating the field (4) on the electrodes, one obtains the ratio of the difference between the signals on the right (R) and left (15) electrodes in the horizontal plane to the sum of these signals:
The factor outside {. . .} in the RHS of Eq. (5) 
ARBITRARY CROSS SECTION
For the general case of a homogeneous vacuum chamber withjn arbitrary single-connected cross sectio: S, the field e(?, b) produced by a pencil beam at a point b on the wall can be written as (e.g. see [6] )
is a normal derivative at the point b" on the region boundary dS, and IC:, e,(?') are eigenvalues and orthonormalized eigenfunctions of a 2-D Dirichlet problem in S:
The eigenfunctions for simple regions can be found in electrodynamics textbooks, or in [6] . For the circular case, summing the Bessel functions in (6) leads directly to Eq. (2). For a thick beam with a given transverse charge distribution, from Eqs. (1) and ( 6 ) (v2 + k,2) e,(q = 0; e,(?€ as) = 0 .
Performing the Taylor expansion of e,(Z+ around point 15, and integrating in (8) A general expansion for both the non-linearities and beam-size corrections was terived by expanding in Eq. (9) the pencil-beam field e(Z, b) and its derivatives in powers of a , see [5] for detail. Let region S be symmetric with respect to its vertical and horizontal axis, and a pair of narrow BPM electrodes be placed on the walls in the horizontal plane of such chamber. Using symmetry, the difference over sum signal ratio of BPM signals can be expressed as
where the notation eo = e(0, g) was used for brevity. The factor in the RHS is the BPM linear response. The nonlinearities are shown explicitly as powers of zo and yo, and beam-size corrections enter via the moments of the beam charge distribution, cf. Eq. (9).
RECTANGULAR CHAMBER
Here we list some results for the particular case of a vacuum chamber with the rectangular cross section w x h. For -w/2 I xo I w/2, -h/2 5 yo 5 h/2, and for the particular charge distrib_utions considered above, the thick-beam field (1) at point b = (w/2, gh) on the right-side wall is Corrections (15) have been plotted in [5] for a square chamber, w = h, and a BPM with very narrow electrodes. In this case, the non-linearities turn out to be practically the same for three different vertical beam offsets. On the contrary, the beam-size corrections depend noticeably on the beam vertical offset, and range from about +3% for y o = 0 (the chamber mid-plane) to less than 1% for yo = h/8 to about -(9-12)% for yo = h/8 (the beam is half-way to the top wall), in the case of ux/w = 0.1, a,/h = 0.05.
CONCLUSIONS
Non-linearities and corrections due to a finite transverse beam size in beam fields and BPM signals are calculated for a homogeneous vacuum chamber in the case when either the wavelength of interest is longer than a typical transverse dimension of the chamber and/or the beam is ultra relativistic. It is proved that transverse beam-size corrections vanish in all orders f o r any azimuthally symmetric beam in an arbitrary chamber: For other beam charge distributions they tend to be minimal when the distribution is more symmetric.
Explicit analytical expressions are derived for two particular cases, circular and rectangular chamber cross section, as well as for the particular beam charge distributions, double-Gaussian and uniform rectangular ones. While it was not discussed here, the calculated corrections to beam fields can be directly applied for calculating beam coupling impedances produced by small discontinuities of the vacuum chamber using the method of Ref. [6] .
The author would like to acknowledge useful discussions with A.V. Aleksandrov of ORNL.
